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A NEW VERSION OF HUISKEN’S CONVERGENCE THEOREM 
FOR MEAN CURVATURE FLOW IN SPHERES 

LI LEI AND HONGWEI XU 


Abstract. We prove that if the initial hypersurface of the mean curvature 
flow in spheres satisfles a sharp pinching condition, then the solution of the flow 
converges to a round point or a totally geodesic sphere. Our result improves 
the famous convergence theorem due to Huisken [^. Moreover, we prove a 
convergence theorem under the weakly pinching condition. In particular, we 
obtain a classification theorem for weakly pinched hypersurfaces. It should be 
emphasized that our pinching condition implies that the Ricci curvature of the 
initial hypersurface is positive, but does not imply positivity of the sectional 
curvature. 


1. Introduction 


Let Eg : M" —^ be an n-dimensional immersed hypersurface in a Riemann- 

ian manifold. The mean curvature flow with initial value Fq is a smooth family of 
immersions F : M x [0, T) —>■ satisfying 


o 1 ') / §iF{x,t) = H{x,t), 

\f{;0) = Fo, 

where H{x,t) is the mean curvature vector of the hypersurface Mt = Ft{M), Ft = 
F{;t). 

In 1984, Huisken [7] first proved that compact uniformly convex hypersurfaces 
in Euclidean space will converge to a round point along the mean curvature flow. 
Afterwards, Huisken[^ verified the following important convergence result for mean 
curvature flow of pinched hypersurfaces in spheres. 


Theorem A. Let Fq : M" —>■ F"+^(c) be an n-dimensional (n ^ i) closed hyper¬ 
surface immersed in a spherical space form of sectional curvature c. If Fq satisfies 
+ 2c, then the mean curvature flow with initial value Fq converges 
to a round point in finite time, or converges to a totally geodesic hypersurface as 
t —>■ 00. 


For any fixed positive constant e, Huisken constructed examples to show 
that the pinching condition above can not be improved to |/ip < + 2c + £. 

An attractive problem is: Is it possible to improve Huisken’s pinching condition? 
During the past nearly three decades, there has been no progress on this aspect. 
For more convergence results of mean curvature flow, we refer the readers to m 

[illllllllSlIITlIIH]. 
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Let M be an n-dimensional hypersurface in a space form F"+^(c) with constant 
curvature c. Set 

(1.2) a{n, H, c)-.= nc+ ^ ~ ^ ^ + 4(n - l)cg^. 

2{n — 1) 2(n — 1) 

Based on the pioneering work on closed minimal submanifolds in a sphere due to 
Simons [22], Lawson m and Chern-do Carmo-Kobayashi proved the famous 
rigidity theorem for n-dimensional closed minimal submanifolds in whose 

squared norm of the second fundamental form satisfies |/ip ^ n/(2— 1/q). Af¬ 
ter the work due to Okumura [HI [20] and Yau [25] , the second author [23] verified 
the generalized Simons-Lawson-Chern-do Carmo-Kobayashi theorem for compact 
submanifolds with parallel mean curvature in In particular, Cheng-Nakagawa 

[4] and Xu [23] got the following rigidity theorem for constant mean curvature hy¬ 
persurfaces, independently. 

Theorem B. Let M" be a compact hypersurface with constant mean curvature 
in (l/i/c). If |/ip ^ a(ji,H,c), then either M is the totally umbilical sphere 

{n/y/H'^ -\- n^c), one of the Clifford torusS'^ (^y/k/{nc)^ ~ ^)/(^c)^, 

1 ^ A: ^ n—1, or the isoparametric hypersurface'S^~^ {l/\/c + A^) xS^ (A/Vc^ -I- cA^), 

For the refined rigidity results in higher codimensions, we refer the readers to 
[lUEl]. Motivated by Theorem B, the optimal topological sphere theorem due to 
Shiohama-Xu [21] and Andrews’ suggestion on the nonlinear parabolic flow [1], we 
have the following conjecture (see m)- 

Conjecture C. Let Fq : M" —>■ (iZ-^c) be an n-dimensional closed hypersur¬ 

face satisfying |/ip < a{n,H,c). Then the mean curvature flow with initial value 
Fq converges to a round point in finite time or converges to a totally geodesic sphere 
as t —>■ oo. 

In particular, noting that min// Q;(n, H, 1) = 2\/n — 1, we have the following. 

Conjecture D. Let Fg : M" —> S"“'"^(l) be an n-dimensional closed hypersurface 
satisfying |/ip < 2^n — 1. Then the mean curvature flow with initial value Fq 
converges to a round point or a totally geodesic sphere. 

In [T5], Li, Xu and Zhao investigated the conjectures above, and proved the 
following convergence result for the mean curvature flow in a sphere. 

Theorem E. Let Fq : M” —>■ S"“''^(l) he an n-dimensional (n ^ i) closed hyper¬ 
surface immersed in the unit sphere. If there exists a positive constant e < such 
that Fq satisfies 

rt Y) _ 0 _ Y) 

^ n-4e-|-—- - - -H^-— - ^-|-4(n - and H fi 

' ' 2(n-l-be) 2(n-l-fe)^ ^ ^ fje 

then the mean curvature flow with initial value Fq converges to a round point in 
finite time. 

The purpose of the present paper is to prove a sharp convergence theorem for the 
mean curvature flow of hypersurfaces in spherical space forms, which is a refined 
version of the famous convergence theorem due to Huisken [9]. 
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Theorem 1.1. Let Fq : M" —>■ F"’+^(c) be an n-dimensional (n ^ 3) closed hyper¬ 
surface immersed in a spherical space form. If Fq satisfies 

\hf < j{n,H,c), 


then the mean curvature flow with initial value Fq has a unique smooth solution 
F : M X [0,T) —>■ F"+^(c), and Ft converges to a round point in finite time, or 
converges to a totally geodesic hypersurface ast^oo. Here j(n, H, c) is an explicit 
positive scalar defined by 


where 

, , n n — 2 - — - — — 

a{x) =nc+ — --a; - —-- sj + 4(n - l)ca;, 

2(n — 1) 2(n — 1) 

I5{x) = a(a:o) + a'(xQ){x - xf) + ]^a'\xo){x - x^ff, 


Xo = VnC, y„ = 4(1 - n) + 


2{n^ — 4) 
V2n-5 


cos 


- arctan " 

3 2(n-l)-v/2n-5 


Remark 1. Notice that '){n,H,c) > + 2c and \/8n^ > yn- Furthermore, 

a computation shows that 'y{n, H,c) > ~ Ic- Therefore, Theorem[T7J\ substan¬ 

tially improves Theorem A as well as Theorem E. 

Put ai(x) = n+ ^_i^ x— 2 (~-i) \/x'^ + 4(n — l)a;. As a consequence of Theorem 
m we obtain the following convergence result. 


Theorem 1.2. Let Fq : M" —)> F"+^(c) be an n-dimensional (n^ 3) closed hyper¬ 
surface immersed in a spherical space form. If Fq satisfies 

|hp < knC, 


then the mean curvature flow with initial value Fq has a unique smooth solution 
F : M X [0,T) ^ F"+^(c), and Ft converges to a round point in finite time, or 
converges to a totally geodesic hypersurface as t —>■ oo. Here kn is an explicit 
positive constant defined by 


l^n 


^\fyn)yn F 2^1 {yn^Un'i ^ 


Remark 2. By a computation, we have kn > |\/n — 1. In particular, if 5 F, n F, 
10, then kn > 1.999yfn — 1. In fact, kiQ = 6. This shows that the pinching constant 
knC in Theorem \1.2\ is sharp. 


Corollary 1.3. Let Fq : M" —>■ F”+^(c) be an n-dimensional (n ^ 3) closed 
hypersurface immersed in a spherical space form. If Fq satisfies 

\hf < - Ic, 

0 

then the mean curvature flow with initial value Fq has a unique smooth solution 
F : M X [0,r) —>■ F”''"^(c), and Ft converges to a round point in finite time, or 
converges to a totally geodesic hypersurface as t ^ oo. 


If the ambient space is a sphere, we have the sharp differentiable sphere theorem. 
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Theorem 1.4. Let Mq be an n-dimensional (n^ 3) closed hypersurface immersed 
in §"+^ {l/^/c) which satisfies |/ip < '){n,H,c), then Mq is diffeomorphic to the 
standard n-sphere S". In particular, if Mq satisfies \h\'^ < A:„c, then Mq is diffeo¬ 
morphic to S". 


Furthermore, for compact hypersurfaces in spheres, we have the following con¬ 
vergence theorem for the mean curvature flow under the weakly pinching condition. 

Theorem 1.5. Let Fq : M" —>■ §"+^ (1/y^) be an n-dimensional (n 3) closed 
hypersurface immersed in a sphere. If Fq satisfies 

then the mean curvature flow with initial value Fq has a unique smooth solution 
F : M X [0,T) —>■ {l/^/c), and either 

{i) T is finite, and Ft converges to a round point as t ^ T, 

(ii) T = 00 , and Ft converges to a totally geodesic sphere as t ^ oo, or 
(m) T is finite, Mt is congruent to S^~^{ri{t)) xS^{r 2 {t)), where ri{t)‘^ +r 2 {t)‘^ = 
1/c, ri(t)^ = ^^(1 — and Ft converges to a great circle ast^T. 

Theorem O (iii) shows that our pinching conditions in Theorem 11.51 is sharp. 
As a consequence of Theorem ll.51 we have the following classification theorem. 


Corollary 1.6. Let Mq be an n-dimensional (n ^ 3) closed hypersurface immersed 
in (l/-yc) which satisfies \h\'^ ^ 'y{n,II,c). Then Mq is either diffeomorphic 
to the standard n-sphere or congruent to §"“^(ri) x §^(r 2 ), where rf = 1/c 
and r? < 

i- nc 

From the fact that kiQ = 6, we get the following optimal convergence result. 


Corollary 1.7. Let Fq : M ^ {l/^/c) be a 10-dimensional closed hypersurface 

which satisfies |/ip ^ 6c. Then the mean curvature flow with initial value Fq has a 
unique smooth solution F : M x [0,T) —>■ {l/^/c), and either 

(i) T is finite, and Ft converges to a round point as t ^ T, 

(ii) T = oo, and Ft converges to a totally geodesic sphere as t ^ oo, or 

{in) T is finite, Mt is congruent to S^{ri{t))xS^{r 2 {t)), where ri{t)‘^-\-r 2 {t)‘^ = 1/c, 
ri{t)^ = i^(l — and Ft converges to a great circle as t ^ T. 


In particular, Mq is diffeomorphic to 


or congruent to (y^) ^ (v^) ' 


2. Preservation of curvature pinching 

Let F : M" x [0,T) —>■ F"+^(c) be a mean curvature flow in a spherical space 
form. Let ,x'^) be the local coordinates of an open neighborhood in M. 

We consider the hypersurface Mt at time t. In the local coordinates, the first 
fundamental form of Mt can be written as symmetric matrix (gij). Denote by 
the inverse matrix of (gij). With the suitable choice of the unit normal vector field, 
the second fundamental form of Mt can be written as symmetric matrix {hij). We 
adopt the Einstein summation convention. Let /i/ = g^^hit^ and = g^'^g^^hki- 
Then the mean curvature and the squared norm of the second fundamental form of 
Mt can be written as H = h\ and \h\^ = F^hij, respectively. Let hij = hij — ^gij 
be the traceless second fundamental form, whose squared norm satisfies |/ip = 
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Similar to Lemma 1.2 of [9], the gradient and Laplacian of the second funda¬ 
mental form have the following properties. 

Lemma 2.1. For any hypersurface o/F"“''^(c), we have 
{^) |Vh|2 > 

(iz) A|h|2 = 2(h, V^iL) 2|Vh|2 -h 2W, where W = Hh{h^jhl - \h\‘^ + nc\h\'^. 
The evolution equations take the same form as in [9]. 

Lemma 2.2. For the mean curvature flow F : M x [0,T) —>■ F"+^(c), we have 
(*) ’diSij = —“^Hhij, 

hij^hj “t“ |/i| hj^j 2cFlQij nch^j^ 

{in) -^H = AH + iL(|hp -|- nc), 

{iv) A|/i| 2 = A|h|2 - 2|Vh|2 4ciL2 + 2\h\‘^ - 2nc\h\^, 

{v) f |h|2 = A|h|2 - 2|Vh|2 -p ||VF|2 -f 2\h\\\h\^ - nc). 

We define 

n n — 2 


y{x) = nc + 


2{n-l) 2{n-l) 


sj+ 4(n — l)cx, a; ^ 0, 


and 

where 


1 


I3{x) = a{xo) + a'{xo){x - xq) + ^a"(xo)(x - xg)^, a; > 0, 


XO = ynC, yn = 4(1 - n) + cos arctan . 

Then we set 

12 11 'y(x) = l 

^ \ I3{x), 0 ^ X < Xq. 

It is easy to see that 7 is a C^-function on [0,-|-oo). Moreover, we obtain the 
following. 

Lemma 2.3. For n ^ 3, c > 0 and x ^ 0, the -function jix) satisfies 
(i) 2x"f"{x) + "l'{x) ^ 0 ''nd the equality holds if and only if x = xg, 

{ii) ( 7 ( 3 ;) -I- nc)xj'{x) ^ 2ca; -I- 7 ( 3 ;)^ — ncj(x), and the equality holds if and only 

if x^ Xg, 

{Hi) 'y{x) > xj'{x), 

{iv) 7 ( 3 :) = min{a(ai),/3(a;)}, 

(^) T^ + ^c<-f{x) <^+nc, 

(”) ^n[n-i) ^ + ^c. 

Proof, (i) By direct computations, for a; > 0, we get 

n — 2 X + 2{n — l)c 


Q;'(a;) = 


n 


2{n—l) 2(n — 1) y^a;2 -I- 4 {n _ l)ca; ’ 

2{n — 2){n — l)c^ 


a"{x) = 
a'"{x) = - 


-I- 4(n — l)cx)^/^ ’ 

6(n — 2){n — l)(x -f 2(n — l)c)c^ 
(x^ -I- 4(n — l)cx)^/2 
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Notice that is the only positive root of equation 


( 2 . 2 ) + 6 (n - 1))2 = 

Let (pi{x) = 2xa''{x)+a'{x) = 


— 4n + 6 

71 ^ — 4 


n _ (»—2)ri:^(ri:+6(n—l)e) 

2(n—1) 2(n—l)(a:2+4(n—l)cx)3/2 

1 


{y„ + 4{n- 1 ))^. 

. From (12.211 we get 


‘Piixo) = We have lim^^oo ^fiiix) = Since ip[{x) = < 


3 

T'+‘ 

0> we get < y>i{x) < :^ it X > xo- 

Let ip 2 ix) = 2x(3"{x) + I3'{x) = a'{x^) + a"{ xq){Zx — Xq)- Then we get (P 2 ix) = 
3a”( xq) > 0. Thus we have ip 2 ix) < if 2 ixo) = if 0 ^ cc < Xq. Hence assertion 

(i) follows. 

(ii) It’s easy to check that a and a' satisfy 
(2.3) (<x{x) + nc)xa'{x) = 2cx + a{x)^ — nca{x). 

Let ipix) = {I3{x) + nc)xf5'{x) — 2cx — /?(x)^ + ncl3{x). From the C^-continuity 
of 7 and (lOl) . we get ^{xo) = tp'ixo) = 0. Making calculation, we get 

4’"{x) = 3a"(xo)[a"(xo)x^ + (a'(xo) — xoq;"(xo))x + nc\. 

Let Xi = {nyjn — 1 — 2n + 2) c. We have a'(xi) = 0, a"(xi) = ^^n- 2 )^^/n-ic 
and (^i(xi) = 2 ^n-i+n ' < 0 (/ 3 i(xo) ^ v?i(xi), we get xo > xi. 

Since a"(x) > 0, we have a'(xo) ^ a'(xi) = 0. By the definition of i/„, we have 
y„ < 4(1 -n) + ^ ^n{n + 2) = This yields 

O'Tl p 

2 xoa"(xo) + a'(xo) < 

OXo 

Thus we have 'ip”{x) ^ 3a”{xo)nc(l — If 0 < x < xq, then 'ip”{x) > 0. 

Therefore, we have ijj'ix) < 0 < ip{x) if 0 < x < xq. This proves (ii). 


(iii) We have 


a(x) — xa' (x) = nc — 


(n — 2)cx 


> 0 . 


x^ 4(n — l)cx 

Since (/3(x) —x/3'(x))' = —a"(xo)x < 0, we get j5{x)—xj3'{x) ^ a(xo) —xoa'(xo) > 0 
if 0 ^ X < Xq. Hence assertion (iii) is proved. 

(iv) We have a”'{x) < 0 = I3'”{x). From a(xo) = /?(xo), a'(xo) = /?'(xo) and 
a"(xo) = /3"(iLo), we obtain a(x) > f3{x) for 0 < x < xo, and a(x) < (i{x) for 

X > Xq. 

(v) It’s easy to verify that 2c < a(x) — < nc. Since a"(x) > 0 and /3"(x) = 

a"(xo) > 0, we get 7 "(x) > 0. So, lim 3 ;_>oo l'{x) = implies 7 '(x) < Then 
we have 7 (x) - > lima;_),oo(a(x) - :^) = 2c. This proves (v). 

(vi) Note that a satisfies the following identity 


n — 2 


I X I a(x)-X 


n —TT 

^yn{n - 1 ) 

Combing (12.41) and 7 (x) ^ a{x), we prove (vi). 


+ a(x) = —X + nc. 
n 


□ 


The following lemma will be used in the proofs of Corollaries 11.31 and fL71 

Lemma 2.4. Wc have 7 (x) > |\/n^Mc, where 7 (x) is defined by i2.1\) . In par¬ 
ticular, kn > 1.999\/n — 1 for 5 ^ n ^ 9, and kio = 6 . 
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Proof. Let xi = (n^/n — 1 — 2n + 2) c. Since a'{xi) = 0 and a''{x) > 0, we get 
a{x) ^ a{xi) = 2\/n — Ic. 

If n = 3, we have I3{x) > 0.027^ + 0.304a; + 2.661c > 1.8V2c. 

If n > 4, by the definition of /3, we have f3{x) ^ a{xo) — 2j^(Jo) ~ 

Making a calculation, we get ki > 3.443 > 1.8-\/3 and > 3.998 = 1.999 x 2. 

If n ^ 6, putting X 2 = \J^(n — 1) (\/n — 1 — 1/v^) c, we have xq < [4(1 — n) + 
^ 2 - Then we get a'(xo) < q;'(x 2 ) = 2 ;^ and a"(xo) > a"(x 2 ) = 

vJ^t-3)3c - - ^g"_~2)^° > |\A^c. 

In fact, by more computations, we get fc„ > 1.999\/n — 1 if 5 ^ n ^ 9, and 
fcio = 6. □ 


Let w G C^[0, + 00 ) be a positive function which takes the following form 


U!(x) = 


(1 + ^) 




y/x^ + 4(n — l)cx 
Then w has the following properties. 


.^^5^ + (l+4(n—l)c/x)-3/3 


for X ^ Xq. 


Lemma 2.5. Tor n ^ 3, c > 0 and x ^ 0, uj satisfies 
(i) ( 7 (x) + nc)x^^j^ = 2-f{x) - xj'{x) - 3nc if x f Xq, 

{a) 2xoUj"(xo) +uj'(xo) > 0 , lima;_>.oo( 2 xw"(x) + w'(x)) > 0 , 

(Hi) uj{x) — xuj'(x) is bounded. 

Proof, (i) When x > xq, we see that to satisfies the following identity 
, . a;'(x) 2a(x) — xa'(x) — 3nc 

uj(x) x(a(x) + nc) ’ 

which implies (i). 

(ii) By a computation, we get that lima;_,.oo(2xtLi"(x) +a;'(x)) = 

If n = 3, we have 2xoto"(xo) + to'(xo) ~ 11.4 > 0. 

If n ^ 4, we have ?/„ < 4(1 — n) + < (n — 2f. So, we get Q!(xo) < 

a{{n — 2 fc) = nc. From (12.5L for x ^ Xq, we have 

2 xa;"(x) + a;'(x) /a;'(x)V u}'{x) 

uj{x) '' \ uj{x) J uj(x) 

2a'(x)(xa'(x) + 5nc) 5nc — 2x^a''(x) — xa'(x) 2 
(a(x) + nc)'^ x(a(x) + nc) x 

Combing the above inequality with a(xo) < nc, a'(xo) ^ 0 and 2xoa"(xo) + 
q;'(xo) < 1 ^, we obtain 2 xoto"(xo) +to'(xo) > 0. 

(hi) The assertion follows from lim 3 ,_>oo(w(x) — xuj'{x)) = □ 

For convenience, we denote 7 (i 7 ^), 7 '(i 7 ^), 7 "(i 7 ^), and u)"{H‘^) 

by 7 , 7 ', 7 ", to, to' and to", respectively. 

Suppose that Mq is a compact hypersurface satisfying \h\^ < 7 . Then there 
exists a sufficiently small positive number e, such that 

\h\^ < 7 — ew. 

Now we show that this pinching condition is preserved. 
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Theorem 2.6. If Mq satisfies |/ip < 7 — suj, then this condition holds for all time 
t€[0,T). 

Proof. Let ?7=|/ip — 7 + ew. From the evolution equations we have 
(^■^-A^U = - 2 |V/ip + 2 ( 2 iLV + 7 '-e( 2 HV'+a;'))|ViLp 

+4ciL^ + 2 |h|^ — 2 nc|/ip — 2 ( 7 ' — eto') ■ + nc). 

By Lemma [2731 fi') and Lemma [275] (ii), the coefficient of |ViLp in the above formula 
is less than —Then Lemma I^TT] fil yields —2|V/ip H—finlVTLp < 0. Then 


replacing \hf by U + 7 — ew, we get 


d 

Wt 

( 2 . 6 ) 


^ - A ) {7 2C/2 + 2U[2-f - -nc + e(H^uj' - 2a;)] 

ot J 

+AcH^ + 27^ — 2nc7 — 2(7 + nc)H^j' 


-\-2,SUJ 


—27 + + nc + (7 + nc)H^ 


+ 2 e^a; • (a; — 


By Lemma 12.31 (ii), Lemma |2.51 (i) and (iii), when e is small enough, we have 


- A M7 < 2C72 + u ■ [7. 


7 

Therefore, the conclusion follows from the maximum principle. 


□ 


3. An estimate for traceless second fundamental form 


In this section, we derive an estimate for the traceless second fundamental form, 
which shows that the principal curvatures will approach each other along the mean 
curvature flow. 


Theorem 3.1. If Mq satisfies j/ip < 7 — eoj, then there exist constants 0 < cr < 1 
and Cq > 0 depending only on Mq, such that for all t € [0,T), we have 

\h\^ < Co(Lf^ + c)^"'"e"^'"^‘. 

Let 7 = 7— ■ Theorem 12.61 savs that \h\^ < -j — eu! holds for all time. We 

denote by 7' = 7' — 7" = 7" the first and second derivatives of 7 with respect 

to H^. For 0 < tr < 1, we set 

f 1 ^ 1 ' 

To prove Theorem 13.11 we need to show that fa decays exponentially. First, we 
make an estimate for the time derivative of fa- 


Lemma 3.2. There exists a positive constants Ci depending only on n, c, such 
that 

a „ , . „ . 2efa 




\VH\^ + 2a{\hY -nc)fa. 


Proof. By a straightforward calculation, we have 
dt 
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The gradient of /a- can be written as 


V/. = u 


V\h\ 


V 7 


- (1 - . 

|hp Si 


The Laplacian of is given by 


(3.1) AU = U 


A\h\ 


A 7 


. -( 1 -cr)^ - 2 ( 1 -ct) 

|/l |2 Si 


(V/<„V7) 


^ n If SI" 

ItI 


By the evolution equations, we have 

d 


--A)/. = 2(l-a) 


(V/.,V7) ,, ,, IV 7 I" 

-cr(l - 


7 


i7r 




Iftl" V 

+‘^fl 




(|/if — nc) — (1 — cr)(|^r + —j- 


(3.2) 


< v|V/<,||V7| 

7 


+ ‘^fa 


+ ‘^fcr 


1 / |Vg |2 

|h |2 V « 


7 J 


- |Vh|2 ) + (1 - g) ^^ 


7 


g(|hf + nc) + (1 — g)(|^r + ’^c) 1 — 


7 


— 2nc 


From the definitions of 7 , w, there exist a positive constant Ci depending only 
on n, c, such that 

<mcl ";" + ?» < a. 


s 


2(n — l)uj 


This together with jhp < 7 implies 
(3.3) 


IV 7 I 2\y\\H\\VH\ ^ \VH\ 

— ^ Oi- 


7 7 |/i| 

Next we estimate the expression in the first square bracket of the right hand side of 
(13.211 . Lemma [2l3] (i) implies 277^7" + y < . From Lemma I^IT] fil. we have 


1 /|Vi7|2 


2H^j" + 7 ' 


- |Vhp + (1 - g)-^-^|Vi7|2 




€ 


€ - 


|/ip V 

f 2(1-n) 1 (1-g) 2(n- 1)' 

yn(n + 2) |/i|2 7 n(n + 2) 

2(n- 1) /l S 

n(n + 2) 1^7 \h \2 

2{n — 1) euj 


|Vi7|' 


|ViL|^ 


€ -- 


n{n + 2) 7|^|2 

-|ViLp. 


|ViL |2 
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Then we estimate the expression in the second square bracket of the right hand 
side of (13.21) . From Lemma l2.3l iiiib we get (\h\^ +nc) ^1 — ^^(7 + ^c )(7 — 

Lemma [131 (ii) yields (7 + nc )(7 — ^ 2nc^. Thus we obtain 

(T(|/ip + nc) + (1 — o')(|/ip + nc) ^ ^ — 2 nc < cd/ip — nc). 

This completes the proof of the Lemma 13.21 □ 


To estimate the term 2a\h\’^ in Lemma [3.21 we need the following. 


Lemma 3.3. If M is an n-dimensional {n ^ 3) hypersurface in F”+^(c) (c > 0) 
which satisfies |hp < 7 — ecu, then there exists a positive constant C 2 depending 
only on n and c, such that 

A|h|2 ^2(^h,V^H'j+2sC2\h\^\h\‘^. 

Proof. From Lemma l2.11 we have 

A|hp = 2 (|h, +2 |V/i|2 - + 2W ^ 2 + 2W. 


Let Ai (1 < z < n) be the principal curvatures of M. Put Xi = Xi — Then 
^ Ai = 0, ^ Af = |hp. Thus we have 


y'-bi=i: 7=i: 


Using the inequality 


Af < — 7 =A =|^|3 (ggg [ 20 ], Lemma 2.1), we have 


(3.4) 


W = Hhih^hi- jhl"^ + nclhl^ 

> - / ~ ^ |g||Ap + -H^\h\^ - |Ad + nc\h\^ 

y'n(n - 1 ) n 

^ - 1^1 -{i-eu}) + nA . 

\ ^n{n - 1) n J 


Let C 2 = inf(cu/ 7 ). It follows from Lemma 1^31 fvil that W ^ eoj\h\^ ^ eC 2 \h\‘^\h\'^. 

□ 


From (13.1|) . p.3l) and Lemma 331 we have 


|h|2 7 7 

^ ^ V^i?) + 2eC2\h\^U - (1 - ^)4a 7 - ^|VM|ViL|. 

|/i|2 \ / 7 |h| 


This is equivalent to 

(3.5) 2eC2\h\^U < A/„ - ^ (Kv^h) + ^\VUVH\ + (1 - a)^Aj. 

|/i|2 \ / |h| 7 
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Multiplying both sides of the above inequality by ^, then integrating them over 
Mt, applying the divergence theorem and the relation Vihj = we get 


(3.6) 


/ fr^AUdtXt = -(p-l) f /r^lV/.pd/r* 

JMt JMt 


^ 0 , 


iMt \h\ 




(3.7) 


IMt 7 

iMt L 7 

fP-l „ n — \ fP~^ 

-(1 - 


7 


n 7 


dpt 


< 


/Mt 


{p-l)^\h\\Vfa\\VH\ 


7 


+ C^I^I|V7l|Vi7| + iy|Vi7| = 

7 7 


dpt 


€ 


IMt 


{p-l)!^\Vf,\\VH\ + (Cl + l)^|Vi7p 

|/i| |h|2 


d/it, 


and 


(3.8) 


[ ^Ajdpt = -[ /v(^'],yj\dpt 
iMt 1 dMt \ V 7 / / 

-P^ (V/.,V7)+/P 


< 


/Mt 


/Mt 


7 


(7)^ 


d^it 


pCi/^|V/.||Vi7| + Cf^\VH\^ 

\h\ \h\^ 


dpf 


Putting (I3.5l) - p.8l) together, we obtain 


(3.9) 


2 e f \h\^fPdpt < Cg / 

JMt JMt 


^;^|V/<,||Vi7| + ^|Vi7|2 

\h\ |h|2' 


dpt, 


where Cg is a positive constant depending on n and c. 
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Using dSSl) and Lemma 13.21 we make an estimate for the time derivative of the 
integral of f^. 

A/' /^d/r* = p[ f 

J Mt JMt JMt 


^ P 


fMt 


Q.C^ ^p—1 

/r^A/.+ ]{<: ivMivg| 


\h\ 


^£fS 

Ci\h\^' 


-^^\VHf + 2a{\hf-nc)fS dpt 


(3.10) 


^ P 


'Mt 


-(p- i)/r"iv/.|2 + V mivlii - 

\h\ Ci\h\^ 


a-f/ClVLIlVi/i ■ 


\VH\^ - 2ancfl 


dpt 


e \h\' " ' e \h\2' 

pI /r" -(p-l)|V/.p+(^ 2 Ci + ^) j||V/.||ViL| 


Mt 

(2e C^a\ fl 


Vc^i e 


|hP 


|ViL| = 


dpt - 2panc / f^dpt- 

JMt 


In the following we show that the L^-norm of decays exponentially. 

Lemma 3.4. There exists a constant depending on Mq such that for all p ^ 
8Cie~^ and a ^ we have 


'Mt 


fPdpt] <C4e 


— 3 (TCt 


Proof. The expression in the square bracket of the right hand side of (13.1011 is a 
quadratic polynomial. With e small enough, its discriminant satisfies 

2 


2Ci 


Csap 




< 8Ci2 + 2C'3Vp-2pe/Ci 

= (8Ci - pe/Ci) + (2(73e^p “ Ps/Ci) 

< 0 . 

Therefore, this quadratic polynomial is non-positive. So we have 

d 


/ fSdpt < -SpCTC f fPdpt. 

JMt JMt 


□ 


This implies fPdpt ^ e fPdpo. 

Letting we get 

Corollary 3.5. There exist a constant depending on Mq such that for all r ^ 0, 
p ^ max{4r^£“"‘, 8(7f£“^} and a < i£^p“^/^, we have 


\h\’^'^gP^dpt < CqB 


'Mt 
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Proof. Putting Cq = sup ( 7 / 7 ), we obtain 

(f Ihl^^gPdfitY f ^ (f (Ce^re^P-V^d/itV 

\JMt J \JMt J \JMt J 

With r/p ^ !y/p and a + rjp < jy/p, the conclusion follows from Lemma 


[331 


□ 


From Lemma 13.21 we have an estimate for the time derivative of ga. 


d . 2(71, ,, , 

^5(7 ^ ^g<7 H 


^^|ViLp + 2a|/i|V- 

Ci\h\^ 


For fc > 0, define g^^k = maxlg^ — fc,0}, A{k,t) = suppler,fe = {x G Mt\gaix) > k}. 
Letting p > 8Cf/e, we have 


_d 
dt , 


'Mt 


K+iff iw,iivHi - 


p 

p 

+2pa 




dpt 


JMt 


'9c 

-(p- + ^^;fp|V5.||ViL| - If^lViLl^ 


dpt 


1 


' A{k,t) 


k,t) 


[pip - 1) / 


( 3 . 11 ) 



'Mi 


\Vv\'^dpt < 2pa 

Ja 


A{k,t) 


\h\'^9a^Pt 


The volume of suppu satisfies d/xt ^ lA{kt)9^^ ^dpt < C^k It is 

sufficiently small when k is large. By Theorem 2.1 of [B], for the function u = 

n-1 

^ 2 (n-i)/(n- 2 ) .^g Sobolcv inequality ^f_^^u^dpt'j " ^ Cr /^^(|Vm| + 

u\H\)dpt, where C-j is a positive constant depending only on n. Using Holder’s 
inequality, we have 

n-2 / ^ 

f v^dpt'] f \Wv\‘^dpt+Cr ( f H^dpA (f v^dpt 

JMt J JMt \J A(k,t) J \J Mt 


n-2 



When k ^ ( 75 ( 211 ( 77 ) 2 ?, p ^ and a ^ ^e’^fy/p, it follows from Corollary 13.51 

2. 2. 

that (X 4 (fc_t) nt|/i|"gPfc“Pd^t^ " < Thus we obtain 

n-2 

(3.12) Yr {f v'^dpt^ ^ f iVupd/xt. 

\JMt J JMt 

It follows from (13.111) and (13.121) that 

n-2 

+ ^2pa f \h\^gPdpt. 

a* JMt \JMt J JA(k,t) 
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Let k ^ sup^ij go-- Then v\^^g = 0. For a fixed time s, let si € [0,s] be the time 
when v^dg^t achieves its maximum in [0,s]. Integrating (13.131) over [0,si] and 
[ 0 , s] respectively, adding them, we obtain 


sup [ v'^dgt + f ( [ v^-'^dgt 

tG[0,s]dMt Jo \JMt 


dt 




4pcr f [ \h\'^gldgtdt. 
JQ JA(k,t) 


(3.14) 

/O JA{k,t) 

Let ||A(fc)||s = dgtdt. For a positive number r > let p ^ 4r/e'^, 

CT ^ Using Holder’s inequality and Corollary [3^ , we have 


0 JA(k,t) 


\h\^gPdgtdt < f rCf’-e-^”'-‘dtV ||H(fc)|| 


1-4 


(3.15) 


€ 


Cf 


7 -^P(fc)ll 

{prac)^l'^ 


i-i 


For h > k, we have fa k > h — k on A{h, t). So 
(3.16) 


{h-k)P\\Aih)\\s^ 


v^dgtdt < 


0 JMt 


2(n + 2) 


dgtdt 


0 JMt 


ll^(fc)IN 


We estimate the right hand side of the above inequality as follows. 


2{n+2) 


dgtdt 


0 JMt 


(3.17) 










0 \JMt 


u"- 2 d^t 


'Mt 


dt 


sup 

. tG[0.s] JMt 


v'^dgt 


v^-^dgt 


0 \JMt 


dt 


n-2 

Cs- sup [ v‘^dgt + -^ f (f v^dpt'] dt. 

te[0,s]JMt 4 O 7 Jg VJMt / 


Putting inequalities (I3.14l) - (j3.17|) together, for h > k, we have 

ih-kr\\A{h)\Ui^Cs\\A{k)\\l~--^^\ 

where Cg is a positive constant depending on Mg, p, a and r. 

By a lemma of |10j (Chapter II, Lemma B.l), there exists a finite number fci, 
such that ||Al(fci)||s = 0 for all s. Hence we have ga ^ fci. This completes the proof 
of Theorem 13.11 


4. A GRADIENT ESTIMATE 

To compare the mean curvature at different points of M*, we need an estimate 
for the gradient of mean curvature. 

Theorem 4.1. For all g € (O, , there exists a constant C{g) depending on g and 

Mo, such that 

|VM|2 < [{gH)^ + Cig)^]e-^^K 
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Firstly, we derive an inequality for the time derivative of |Vi7|. 

Lemma 4.2. There exists a positive constant Bi > 1 depending only on n, such 
that 

^ AiVLfp + Bi{H^ + c)|V/i|2. 


Proof. From the evolution equation of H, we have 





V,(AiJ+ i7(|hp +nc)) 

V^AFT + V*iF(|/i |2 + nc) + HV^\hf. 


Lemma [121(1) implies = 2Hh^T Thus we have 

(4.1) = 2(VAiF,ViF)+2|ViFp(|/ip+nc) 

+2i^(V|/l|^ VH) + 2Hh*^ViHyjH. 

The Laplacian of |ViFp is given by 

(4.2) A| ViFp = 2(AViF, VH) + 2| V^iFp. 

From the Gauss equation, we get 

(4.3) VAiF - AViF = (1 - n)cViF + FJ'=%VfciFdx* - FThfVfciFdxF 
Combining (HIT) . (021) and (H 21 ) . we obtain the evolution equation of jVFlp. 

^|ViFp = A|ViF|2-2|v2iFp + 2|ViFp(|F|2+c) 

(4.4) +2Fr(V|Fp, ViF) + 2F*^Ff VjiFVfciF. 

Using the Cauchy-Schwarz inequality, we have Ff(V|Fp, ViF) ^ 2|iF||/i||VF||ViF| 
and h^^h'fS/jHS/kH ^ |F|2|ViF|2. Using |F|2 < 7 and \VH\^ ^ ^|VFp, we ob¬ 
tain the conclusion. □ 


Secondly, we need the following estimates. 

Lemma 4.3. Along the mean curvature flow, we have 
(i) f Ff4 > AH^ - 7nFf2|V/i|2 -h 
(zi) ^|A|2<A|F|2-||VF|2 + iF2|l|2, 

(m) ^(iF^IFp) ^ A(iF 2 |F| 2 )-|iF 2 |VF| 2 -^B 2 |VF| 2 -H 4 niF 2 (iF 2 + c)|F| 2 , where 
B 2 > 2c is a positive constant depending on Mq. 

Proof, (i) We derive that 

= AH^ - 12 iF 2 |VFl |2 -h dFF^dhp -b nc). 

This together with |/ip ^ |ViFp ^ implies inequality (i). 

(ii) The evolution equation of |Fp is given by 

= A|Fp - 2|VFp -b -|ViFp -b 2|Fp(|Fp - nc). 
ot n 
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Using < ||V/ip and |/ip — nc < 'j — nc ^ get 

inequality (ii). 

(iii) It follows from the evolution equations that 

^ = A(7J2|^|2^ _^4^2|^|2|;^|2_2£f2 l|y^|2^ 

We use i|ViJp ^ §|V/ip again. From \h\^ < 7, we have 4i?^|/ip|hp < AnH'^{H'^ + 
c)\h\^■ From the formula Vi|/ip = 2h^^Vihjk and Young’s inequality, we get 


-4:H (yH,V\hfj 


8|i7||V77||h||V/i| 




S\J^^Co\H\iH^ + c)'-^\Vh\'^ 



s: 

(^52 + ^77") |Vh|2. 


This proves inequality (iii). 



□ 


Proof of Theorem \f.l\ Define the following scalar 


/ = (|Vi?p + 9.BiB2|h|2 + 7BiH^\h\^) e'^^* - rj G (^0, . 


From Lemma 14.21 and 14.31 we obtain 




Bi{H^ + c)|Vhp + 9 B 1 B 2 --|V/ip + H^\h\ 


+7Bi + BziVhp + AnH^{H'^ + c)|hp 

+CTC (iViLp + 9BiB2|hp + 7SiiL2|^|2^ 


-7?'^ -7nij2|Vhp + 


40 


^ + 7nr]*j H^\Vh\^ + [{Bic- BiB 2 )\Vh\^ + crc|Vi7r]e' 

+B3iH^ + c)2|h|2e""* - ^77®. 


2 i^crct 


n 


By Theorem 13.11 we get 


d 




n 


We consider the expression in the bracket of the right hand side of the above in¬ 
equality, which it is a function of H. Since the coefficient of the highest-degree 
term is negative, the supremum C 2 ir]) of this function is finite. Then we have 
< A/ -I- C2(7?)e“'^‘’‘. It follows from the maximum principle that / is bounded. 
This completes the proof of Theorem 14.11 □ 
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5. Convergence Under Sharp Pinching Condition 

In order to estimate the diameter of Mt, we need a lower bound for the Ricci 
curvature. 


Lemma 5.1. Suppose that M is an n-dimensional {n ^ 3) hypersurface in F”+^(c) 
satisfying |hp < j — euj. Then there exists a positive constant B 4 depending only 
on n, such that for any unit vector X in the tangent space, the Ricci curvature of 
M satisfies 

Ric{X) ^ B 4 e{H^ + c). 


Proof. Using Proposition 2 of m and Lemma 12.31 (vi), we have 
Ric(X) > 


"" ^ rc+-H^-\h\^ - ^L^=\H\\h\ 


> 


> 


n 

n — 1 
n 

n — 1 


n 

2 


V^n(n - 1) 

n — 2 


nc+-H -{-f-suj)- -^ 

, n ^n{n- 1 ) 




-euj 


n 


> BisiH^ + c). 


□ 


We also need the well-known Myers theorem. 

Theorem 5.2 (Myers Theorem). Let T be a geodesic of length at least -nj^fk 
in M. If the Ricci curvature satisfies Ric(X) ^ (n — l)k, for each unit vector 
X € TxM, at any point a; G P, then P has conjugate points. 

Now we show that Mt converges to a round point or a totally geodesic sphere. 

Theorem 5.3. IfT is finite, then Ft converges to a round point as t ^ T. 

Proof. Let |LI|niin = minMt \H\, |iL|max = maxMt \H\. By Theorem 14.11 for any 
77 G ( 0 , i), there exists C{r]) > 1 such that |V7L| < + C{r]). From Theorem 

7.1 of [ 5 ], |i7|max becomes unbounded as t —>■ T. So, there exists a time t depending 
on 77, such that |i 7 |max > C{r])/rf‘ on M^.. Then we have |Vi7| < 277 ^|i 7 |^ax 
Mr. 

Let X be a point in XIr where |i71 achieves its maximum. Then along all geodesics 
of length I = (277|i7|max)“^ starting from x, we have |i7| > |i7|inax - 2772|i7|^ax' ^ = 
(1 —77)|i7|max- With 77 small enough, Lemma [5d] implies Ric > i34£(l —77)^|i7|^ax > 
(ti — l) 7 r^/Z^ on these geodesics. Then by Myers’ theorem, these geodesics can reach 
any point of Mr. 

Then we have |i7| > (1 — 77)|i7|„iax > ^ on Mr. Thus we can assume H > ^ 
on Mr without loss of generality. Let 77 be sufficiently small. From Theorem 13.11 
at any point in XIr, the principal curvatures Ai ^ — |h| > 0, 1 ^ 7 ^ 71. Hence 

XIr is a convex hypersurface. By Theorem 1.1 of [ 5 ], Ft will converge to a round 
point (see [2^ Chapter 11 for the details). □ 

Theorem 5.4. If T = 00 , then Ft converges to a totally geodesic hypersurface as 
t —>■ 00. 
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Proof. Firstly we prove that |i/|max must remains bounded for all t G [0,oo). If 
not, we see that Ft will converge to a round point in finite time from the proof of 
Theorem 15.31 

Next we prove |i?|min = 0 for all t G [0,oo). Suppose |i/|min > 0 on Mg. From 
the evolution equation of H, we have ■§^\H\ > A\F[\ + ^\H\^ for t ^ 6. By the 
maximum principle, we get that \F[\ will tend to infinity in finite time. This leads 
to a contradiction. 

By Lemma 15.11 and Myers’ theorem, diamMt is uniformly bounded. Applying 
Theorem oi we have \H\ < Ce , Therefore, from Theorem 13.11 we obtain 

By Lemma 7.2 of [ 5 ], is bounded for all to G N and t G [0,+oo). Then 

Mt converges to a smooth limit hypersurface M^o. Since |h| —>■ 0 as t —>■ oo, M^o is 
totally geodesic. □ 

Proof of Theorem \1.1\ . Combining Theorem 15.31 and 15.41 we complete the proof of 
Theorem 11.11 □ 


6. Convergence Under Weakly Pinching Condition 


Now we are in the position to prove Theorem 11.51 Assume that Mq is a closed 
hypersurface immersed in (l/yc), and Mq satisfies \h\^ < 7 . 

Proof of Theorem \1.5\ Recall the proof of Theorem 12.61 Letting e = 0, we get 




-A (|hp-7) ^ 


6 


n + 2 


+ 2(2i72y' + Y) 


|Vi7|^ 


( 6 . 1 ) 


+ 2 (|/ip - 7 )^ + 2 (|hp - 7)(27 - 77 ^ 7 ' - nc) 
+4ci7^ + 27 ^ — 2 nc 7 — 2(7 + nc)H^^'. 

Bv Lemma [Qim and (ii), we get - A) i\h\^-j) ^ 2{\h\^-j){\h\^+ j- H'^j'- 
nc). Then using the strong maximum principle, we have either |/ip < 7 at some 
time to G (0,T), or |/ip = 7 for all t G [0,T). 

If |/ip < 7 at some to, it reduces to the case of Theorem ll.il 


If |/i |2 = 7 for t G [0,T), we have + 2(2i7V + 7') |Vi7p = 0 and 

4ci7^ + 27 ^ — 2 nc 7 — 2(7 + nc)H‘^^' = 0 for all t. Thus we obtain Vi7 = 0 and 
^ Xq. By Theorem B, Mt is the isoparametric hypersurface 


1 


, Yc + 

where A = 

2(n—1) y n—1 


X 


A 


YY + cA^ 


We see that A is the (n — l)-multiple principal curvature and — y is the other 

one. Thus we have |77| = (n — 1)A — y and \h\^ = (n — 1)A^ + j 2 - Substituting 
these equalities into the evolution equation of H, we get 

dt 

f. The above equation implies 


({n - 1)A - ^) = - 1)A - - 1)A2 + ^ + nc^ . 


Let ri = 


vG+W’ 


7’2 = 


A 


vTT+FU' 
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Solving the ODE above, we obtain 



where d G (0,1) is a constant of integration. 


It’s seen from the solution of ri that the maximal existence time T = 

Hence we obtain rf = We see that Mt converges to a great 

circle {l/^/c) as t —>■ T. This completes the proof of Theorem 1 1.5 1 □ 


Motivated by Theorem B and Theorem 1 1.5 1 we propose the following conjecture 
for the mean curvature flow in a sphere. 

Conjecture F. Let Fq : M" —>■ (l/y/c) be an n-dimensional closed hyper¬ 

surface immersed in a sphere. If Fq satisfies \h\'^ ^ a{n,H,c), then the mean 
curvature flow with initial value Fq has a unique smooth solution F : M x [O^T) ^ 
gn+i(i/^)^ ond either 

(i) T is finite, and Ft converges to a round point as t ^ T, 

(ii) T = oo, and Ft converges to a totally geodesic sphere as t ^ oo, or 

(Hi) T is finite, Mt is congruent to S"~^{ri(t)) xS^{r 2 (t)), where ri(t)'^ +r 2 (t)'^ = 
1/c, ri{t)‘^ = ^^^(1 — and Ft converges to a great circle as t ^ T, 

(iv) T = 00 , and Mt is congruent to one of the minimal hypersurfaces x 
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